We investigate temperature-dependent resonance fluorescence spectra obtained from a single selfassembled quantum dot. A decrease of the Mollow triplet sideband splitting is observed with increasing temperature, an effect we attribute to a phonon-induced renormalisation of the driven dot Rabi frequency. We also present first evidence for a non-perturbative regime of phonon coupling, in which the expected linear increase in sideband linewidth as a function of temperature is cancelled by the corresponding reduction in Rabi frequency. These results indicate that dephasing in semiconductor quantum dots may be less sensitive to changes in temperature than expected from a standard weak-coupling analysis of phonon effects.
Self-assembled semiconductor quantum dots (QDs) provide a promising platform for quantum information processing using single spins [1, 2] and photons [3] [4] [5] [6] . Such applications require QD quantum coherence to be preserved on timescales sufficient for performing high fidelity quantum operations, and for emitted single photons to possess a large degree of indistinguishability [7] [8] [9] . Indistinguishable photons can be produced by s-shell resonant optical excitation of a single QD [10] [11] [12] , wherein an electron-hole pair is created directly without any relaxation from higher states, which would otherwise cause inhomogeneous broadening in the QD emission spectrum. The coherence time (T 2 ) of such photons is able to approach the Fourier transform limit, T 2 = 2T 1 (with T 1 the QD radiative lifetime) at low temperatures (∼ 4 K) and weak driving strengths [13] .
As the intensity of the pump laser increases, however, an additional power dependent dephasing contribution arises, even at low temperatures [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . This is often termed excitation induced dephasing (EID), which commonly originates from deformation potential coupling of QD excitons to longitudinal acoustic (LA) phonons. As the driving strength increases, so does the energy splitting of the excitonic dressed states, and excitations are then able to scatter with the increased density of phonons around this energy scale in the bulk semiconductor lattice. Driving dependence is thus a pronounced characteristic of EID, as was observed in Refs. [14, 15] , where QD excitonic Rabi oscillations were measured via photocurrents, and in Refs. [16, 17] through driven QD optical emission.
Besides EID, another direct manifestation of the phonon influence on a driven dot can be found in the dependence of its properties on temperature. In fact, an idealised two-level-system (e.g. an isolated atom) should not show any change in emission behaviour with temperature over the usual experimental range, in contrast to the response to changes in driving strength, which is nontrivial even in the absence of phonons [25] . Though the damping of exci-2 tonic Rabi rotations (in the QD population) has been measured at various temperatures under pulsed excitation [14, 15, 17] , the direct observation of temperature dependence in the field correlation properties and resonance fluorescence (RF) emission spectra of a single QD has not been reported. This is arguably the most relevant scenario for photonic applications, since it is crucial to understand the competing roles played by the electromagnetic and solid-state environments in determining the QD optical emission characteristics and coherence [26] [27] [28] [29] .
Here, we present a combined experimental and theoretical investigation of temperature dependence in the RF spectra obtained from a single self-assembled QD, generated by continuous-wave (cw) s-shell excitation. We show that the coupling of the QD neutral exciton to LA phonons leads to a temperaturedependent phonon renormalisation (suppression) of the driven dot Rabi frequency, which we can observe directly through a decrease in Mollow triplet sideband splitting with increasing temperature. This trend is in agreement with an exciton-phonon coupling model based on a polaron master equation technique [23, [26] [27] [28] . Our theoretical analysis also predicts a non-perturbative regime of phonon-coupling, wherein a linear increase of the sideband linewidths with temperature (as would be found from a standard weak-coupling analysis [14] ) is appreciably cancelled by the corresponding decrease in the phononrenormalised Rabi frequency [23] . This prediction is supported by our experimental data, demonstrating an experimental regime in which EID is less sensitive to changes in temperature than would be expected from a perturbative, weak exciton-phonon coupling model [14, 15, 19, 22] .
Our experiments are performed on a single selfassembled InAs/GaAs QD embedded in the centre of a micro-cavity with a low Q factor (∼ 200) in order to enhance fluorescence collection efficiency. The sample is kept in a cryogen-free bath cryostat with the temperature stabilised within ±5 mK around a fixed value, as measured by a thermometer on the sample holder [30] . A cw pump is provided by a semiconductor diode laser, with frequency stabilised to within ±2π × 2 MHz, which is much narrower than the linewidth of the QD fluorescence. Fig. 1 shows the cross-polarization setup used to achieve resonant excitation [13] . The neutral single exciton of the QD has two fine-structure states, whose dipole moment orientations we label X and Y. As seen in Fig. 1c ), these states are split by approximately 2 GHz. We resonantly excite the Y transition with a polarization approximately orthogonal to the collection polarization. Since X and Y are not strictly orthogonal, and the X transition is detuned and orthogonal to the collection polarisation C, we can selectively measure RF emission from the Y transition while extinguishing the pump laser with a ratio exceeding 10 6 . Noncryostat, the sample is mounted on a holder with the temperature stabilised within \pm 5 mK around a fixed value." In addition, we note that the laser power quoted in our manuscript was read from the power meter installed in the transmitted path of the excitation laser beam (see figure 5 below). Because the beam splitter used in our experiment is about 91:9, the actual laser intensity on the sample is about 10% of what we read from the power meter. We apologize for using the wrong laser power in our previous manuscript, and have now corrected the error. We agree with the Referee that additional technical information should be provided to explain the experimental findings. As shown in Figure 1 below, the quantum dot fine structure splitting is about 2 GHz. The cw excitation laser has a stabilized linewidth of 2 MHz (in linear frequency), as mentioned in our paper, which is much smaller than 2 GHz. Our experimental procedure is as follows: First, under above band gap excitation, we tune the polarizer setting in the collection arm (see Figure 5 in this reply) and scan the high--resolution spectrum using a Fabry--Perot cavity, so that eventually one of the peak becomes minimal. Then we add the polarizer in the excitation arm and set it in the optimal extinction condition. The Mollow triplets in our paper are obtained in this condition. A typical example (zoom--in) is plotted in log scale in Figure 2 : the data show no other features and the data quality makes us confident that there is only one Mollow triplet from a two--level system. Based on the results, we suspect that the X--Y components in this QD are not strictly orthogonal. This might be due to imperfect selection rules in solid state or spin relaxation -similar results have been reported earlier in e.g. Santori orthogonality of the fine structure states may be due to imperfect selection rules within the solid-state, and has been reported elsewhere [31] . Finally, a FabryPerot (FP) interferometer is used to resolve the RF spectra with a spectral resolution of ∼ 2π × 67 MHz (which we account for in our fittings below). We begin by analysing QD RF spectra at fixed temperature (4 K), for a series of cw laser driving strengths [5] . This serves as a form of calibration of our system, and through a comparison with theory provides us with necessary parameters for our subsequent examination of temperature changes in the spectra. High resolution RF spectra from the neutral exciton state were obtained for various laser powers [5] . For increasing driving strength, the expected triple peak structure in the RF spectra, known as the Mollow triplet [25] , was observed. This can be interpreted in the dressed state picture [32] , in which the QD exciton is dressed through its interaction with the driving laser. This causes the originally degenerate, uncoupled QD-photon states to split into two states separated by Ω r , where Ω r is the effective phonon-renormalised strength of the QD-laser interaction. Photons can then be emitted corresponding to four different transitions, two at the QD transition frequency, and two more offset by ±Ω r . In the absence of phonons, and within the dipole approximation, Ω r → Ω = µE/ is just the bare Rabi frequency, where µ is the effective dot dipole moment and E is the amplitude of optical field at the QD.
The presence of phonons, however, introduces both 3 additional broadening and a renormalisation of the effective Rabi strength, Ω → Ω r . To account for these processes, we exploit a polaron master equation technique [23, [26] [27] [28] , which allows us to derive an explicit expression for the emission spectrum of the QD in terms of experimental parameters and microscopic constants characterising the QD-phonon coupling. We model the excitonic degree of freedom of the QD as a two-level-system, and couple it to two harmonic oscillator baths, which represent both the electromagnetic field into which light is emitted, and the phonon environment present in the substrate. In Ref. [28] it was shown that provided Ω < k B T < ω c , with T the temperature and ω c the cut-off frequency of the phonon environment (related to the size of the QD [15] ), the influence of phonons on the incoherent emission spectrum can be captured entirely by a renormalisation of the bare Rabi frequency and the introduction of a pure-dephasing rate. Above saturation, where Ω r Γ 1 , with Γ 1 = 1/T 1 and T 1 = 390 ± 10 ps determined by time resolved correlation measurements, the emission spectrum is given by
, in terms of the first order field correlation function
with ω l the frequency of the excitation laser. The renormalised Rabi frequency is (we set = 1)
where J(ω) is the spectral density of the QD-phonon interaction, which for coupling to LA phonons has been shown to be adequately described by the functional form J(ω) = α ω 3 exp[−(ω/ω c ) 2 ], with α capturing the strength of the interaction [14, 15] . The phonon-induced pure-dephasing rate enters through Γ 2 = (1/2)Γ 1 + γ PD + γ 0 , and is given by
. We also include a term γ 0 to account for any additional driving-independent pure-dephasing processes.
In the regime described above, the spectrum is given simply by the sum of three Lorenztians corresponding to the three peaks in the Mollow triplet. We are interested here in the sidebands, which have positions at ±Ω r and a full-width-half-maximum (FWHM) of
By expanding γ PD in a single-phonon limit, i.e. e ±φ(s) ≈ 1 ± φ(s) in Eq. (3), the phonon-induced pure-dephasing rate can be approximated by γ PD ≈ (π/2)J(Ω r ) coth (Ω r /2k B T ) [23] , which we can further simplify to
provided that Ω r k B T, ω c [15, 23] . Under these constraints, which are satisfied in our experiments, the FWHM of the sidebands varies linearly with Ω 2 r , with a gradient proportional to the exciton-phonon coupling constant α. Despite the single-phonon expansion, Eq. (5) still captures important non-perturbative phonon effects through the renormalised Ω r , which is itself dependent (non-linearly) upon the coupling strength α and the temperature T [see Eq. (2)]. The phonon-induced dephasing rate given by Eq. (5) is thus distinct from that obtained via a second-order weak-coupling treatment of phonon interactions, in which Ω r would be replaced by the bare, unrenormalised Ω [14, 15] , which is independent of α or T . This will be particularly important in describing the temperature dependent behaviour we observe below.
To obtain Fig. 2 we fit each spectrum to a sum of three Lorenztians to determine experimental values for the positions and widths of the side peaks. Fig. 2 (a) shows the extracted renormalised driving strength as a function of the square root of the laser power, √ P ∼ E, displaying a linear dependence as expected. In Fig. 2 (b) we plot the extracted sideband widths of the blue (centred at Ω r ) and red (centred at −Ω r ) sidebands as a function of Ω 2 r , also showing the anticipated linear behaviour. Using the FHWM expression given in Eq. (4), we obtain values of α = (2.535 ± 0.156) × 10 −7 GHz −2 and γ 0 = 0.135 ± 0.062 GHz from the data in Fig. 2 (b) . The non-zero value of γ 0 implies that Γ 1 /2Γ 2 ≈ 0.9 at vanishing driving strength (Γ 1 /2Γ 2 = 1 in the Fourier transform limit) and may possibly be due to fluctuating charges trapping in the vicinity of the QD [33] [34] [35] . The solid curve shows the expected trend from our non-perturbative exciton-phonon coupling theory, using parameters already determined (i.e. it is not a fit to the data).
We now turn our attention to the dependence on temperature in the RF spectra. This was measured in the range of 4 − 14 K, with the nominal laser power fixed at 9.9 µW, as shown in Fig. 3 (a) . The purple markers in Fig. 3 (b) show the extracted effective Rabi frequency Ω r as a function of temperature. The data reveals a clear decrease of Ω r as the temperature is increased. This is the most striking evidence of coupling to phonons in our experiment, since the Rabi frequency of a driven atom in the traditional setting of quantum optics is determined only by the value of the dipole moment and the optical field amplitude, which are both constant in these measurements.
The renormalisation of the Rabi frequency is entirely consistent with our exciton-phonon coupling model. As previously stated, in the regime in which we are working, the positions of the Mollow sidebands are given approximately by ±Ω r , as defined in Eq. (2) . From the theory, we expect Ω r to decrease with temperature for a fixed driving power, with a slope determined by the spectral density parameters α and ω c , which together characterise the overall strength of the QD-phonon interaction. Using the extracted value of α = 2.535 × 10 −7 GHz −2 from the driving dependent data, we fit the experimentally measured values of Ω r to Eq. (2) to find a bare Rabi frequency of Ω = 30.88±0.52 GHz, and a spectral density cut-off frequency of ω c = 493.33 ± 61.28 GHz. We note that this implies ω c Ω r for all driving strengths considered previously, thus confirming our assumption that exp[−(Ω r /ω c ) 2 ] ≈ 1 used to obtain Eq. (5). To complete the picture we now consider how the sideband widths vary with temperature. The data points plotted in Fig. 3 (c) show the extracted widths of the blue and red sidebands, while the solid curve shows the expected trend from our theoretical analysis, for which the FWHM is given by Eq. (4) using γ PD as defined in Eq. (5). We note that having fully determined all parameters from other measurements, there is no fitting procedure used to obtain this curve. Intriguingly, we see that theoretically we expect a sublinear increase in the sideband widths across this temperature range, which also appears to be supported by the data. From Eq. (5), the phonon-induced dephasing rate depends on the product α T Ω 2 r . The explicit dependence on T is a first order process, reflecting the increase in the occupation number of phonons with a frequency corresponding to the Rabi energy. The implicit dependence on T through Ω r , however, is a non-perturbative effect describing the renormalisation of the dressed state energy splitting which serves to reduce the dephasing rate. A competition between these two processes gives rise to an overall weak dependence on temperature for the parameters we have determined here.
We stress again that this effect cannot be captured by a perturbative weak-coupling treatment, in which Ω r → Ω independent of temperature. In such a case the dephasing rate, and hence the sideband widths, would increase linearly with temperature [14, 15, 17, 23] . However, it is important to note that the non-linear temperature dependence we observe is not at odds with the linear dependence seen in Refs. [14, 15, 17] . The difference in behaviour arises as a result of the non-perturbative regime in which our experimentally determined parameters place us, and thus depends sensitively on the phonon coupling characteristics of the individual QD sample studied. Specifically, we extract a larger value of the coupling strength α than in Refs. [14, 15, 17] and also a smaller cut-off frequency ω c , the latter of which suggests a larger QD size due to the inverse relationship between the two [14, 15] . The combination of a larger α and smaller ω c ensures that the renormalisation of the Rabi frequency, which ultimately gives rise to the non-linear temperature dependence [see Eq. (2)], is enhanced in our experiments.
In summary, we have presented the first systematic exploration of temperature dependence in the RF emission spectra of a solid-state QD emitter. Our experiments and theoretical description were first calibrated through an analysis of the dependence on driving strength, in which we confirmed the expected increase in sideband splitting and linewidth with increasing driving strength. We then showed a systematic decrease of sideband splitting with increasing temperature at constant driving, an effect we at-tribute to a phonon-induced temperature-dependent suppression of the effective Rabi frequency Ω r [23] .
Resulting from this renormalisation, we observed evidence of non-perturbative phonon coupling effects in the insensitivity of sideband linewidths to an increase in temperature. This suggests that changes in temperature may not be as detrimental to QD coherence as a weak-coupling analysis would otherwise indicate, which could have important repercussions in the application of QDs to future quantum technologiessuch as high quality single photon generation in strong cavity-QD coupling systems [36] and QD-based thermometry [37] -as well as for other solid-state emitters [38] [39] [40] .
